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SUMMARY . oL

A frequency-response method for determining the critical control-
gearing and hunting oscillations of airplemes with sutcmatic pilots
is presented. The method is graphical &nd has several advantages
over the standard numerical procedure based on Routh's discriminent.
The chielf adveantage of the method is that dlrect use.can he made of
the measured response characteristics of the autcmatic pilot. This
feature 1s especially useful in determining the existence, amplitude,
and frequency of the hunting oscillations that may be present when
the automatic pilot has nonlinear dynemic characteristics.

Several examples are worked out to 1lllustrate the application
of the frequency-response method in determining the effect of
automatic-pilot lag or lead on critical control gearing and in
determining the amplitude and frequency of hunting. It 1s showmn
that the method may be applied to the case of a control geared to
alrplane motions sbout two axes.

INTRODUCTION

The increesed use of automatic control on ailrcraft (espscially
on pilotless aircraft) has focused attention on the proper design
of the alrcraft and assoclated control systems with & yvisv towvard
obtaining satisfactory dynamic stabllity. The control system
(autopilot) consists of the gyro, phase-shifting device, and
servomotor. Factors in the comntrol system that determine stabllity
characteristics are control gearing, lag in the servomotor, amnd
lead in the phase-shifting device. The stability characteristics
of the airplene depend on airplane configuration and mass distribution.
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The purpose of the present report is to give e method for
analyzing the dynamic stability of an airplane with automatic
contyol which makes direct use of the observed dynamic charac-
teristics of the automatic pilot (herein called autopilot). The
mothod separates the characteristics of the autopilot fram those
of the airplene. It, therefore, easily reveals the sffects of
modificaticns to the autopilot such as adding leed. The procedure
is largely graphical. The method 1s similer in certain respects
to that of Nyquist (reference 1), which was devised for electronic
clrcuits but which has also been applied by some workers to the
deglgn of servomotors.

The frequency-response method was previously applied by
Jones (reference 2) to calculate the hunting produced in alrplenes
with fliqker, that is, on-off control, If the servomotor
(herein called servo) has a linesr lag charscteristic (lag indspendent
of amplitude), then there will usually be an upper limit to the
control gearing above which the airplane will be unstable. The
frequency-response method determines this critical control gesring —
and .the corresponding freguency for any type of lag or lead in. the
eutopilot. It also indicates the changes to be made in the 88X70 .
which will improve the stabllity of the airplane.

The utility of the frequency-response method is most apparent .
In the case of an actual servo with nonlinear lsg characteristlcs.
This method,K allows the use of measured cheracteristice of the servo
that might be Inconvenmient to represent by s mathematical Fformula.

TERMINOLOGY AND SYMBOLS '

The word '"ead" is used in this report in two ways. It is the
phase angle of control-surface deflection & shead of airplene
deflection, say angle of pitch 6, and it 1ls also used to indicate
& device that causes an increase in the phese angle of lead of 5
ehead of '@. These phase-shifting devices are hsrein called
 first-derivative and second-derivative lead. '

The expressiom_'linear au%opiiot is used to indicate a servo
that 1s acted upon by a force proportianal to the input signal
(airplane dsflect1on) and resisted by a force proportional to the
displacemsnt and velocity of the ‘output (cqntrol-surface motion) .

The function of the automatic pilot is to apply a corrective | .
ccntrol deflection 1n responss to any deflection of the ailrplane.
The "control gearing is the ratio of the applied control deflection
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to the airplene deflection for very slow deflections (static condition).
There may exist & critical control gearing, which in nearly all
practical cases is an vpper limit beyond vhich dynamic instability
occurs.

The following symbols are used: . ' . -

a ratlo of control deflection dus to sscond derivative of
airplane displacement to that due to alrplane displacement -

r ratio of control deflectlion dus to flrst dsyrivative of elrplane
displacement to that dus to alrplane displacement

e

amplitude .of airplane oscillation produced by unit amplitude
oscillation of conirol surface

amplitude of control-aurface osclllation required to maintaln
wnit amplitude of airplane oscillations (1/R)

amplitude of control-surface oscillation produced by autopilod
in response to alrplane osclllation, divided by amplltude
of airplamne oscillation '

CANEE o

o
R

Kﬁ for unit control gearing

critical value of control gearing

kcr ) - -

ki gpring stiffness factor of servo and control surface _

ky factor relating alrplene deflection and force on servo R :
X control geering, ratie of & to 0 in static candition (ké/ki)

c viscous damping factor of servo and control’ surface o

1 viscous lag factor which depends an ¢ and ky (c/kl) o

m mass of movable part ‘of servo and control surface fff;_ o
b time, seconds - = - L. - - , ._ ;?

T period of oscillation, seconds | -. ;;

3] angle of control—surface deflectiqn in direction to reduce

angle of pltch of airplsne, -degrses
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phase angle of lead of- & ahead of € +when oscillating

“p alrplane forces control surface to osclllate, degrees

€., phase angle of lead of & ehead of € when oscillating -
control swrface forces alrplane to osclllate, degrees

6 ' angle of pitch of airplane, degrees

8 signal fed into servo

¢ angle of bank of airplsne, degrees

/S engle of yaw of alrplane, degrees

o) gyro displacement produced by ailrplane deflection

i) angular frequency, radians per second (2n X Frequency)

Bpon angular frequency of servo and airplane when k = k..
radians per second -

®, . natural anguler frequency of servo, redlsns per second

T angle of tlit of gyro axis from X-axis of airplane, degrees

D differential operator (d/dt}

Subscript: B

max maximum
BASIC PRINCIPLES OF FREQUENCY-RESPONSE METHOD

The response of.the airplane to & sinusoldal control motion may
be computed from the equations of motion of the airplane. (See
appendix A,) The airplane response 1s sinusoidal and of the same
frequency &8s the control motlon end has an amplitude and phase that
depends on thils frequency. If the control motion is given by

T = sin wt
then the response in pltch, for exsmple, may be expressed as

6 =R sin (Wt - €,)
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where R and ¢, both depend on 'w, &nd R ‘is the ratlo of the
amplitude of 6 to the amplitude of & when the control surface is
forcing the airplane to oscillate. Changling the amplituds of &
produces a proportiocnate change in the amplitude of 6 but does not
affect the phase angle ¢€,. The reclprocal of R glves the

amp.-.itude of B required to sustain unit amplitude oecillation
in " ® eand is denoted 'by 'Kp; that ie, if

.Bnlg.einmt_ ST

~

then the response will be
0 = sin (ot - €5)

A plot of XK. end ¢, agdinst - w is then made a.nd ie referred. ‘to
as the fﬂequency response of the. e.irplane. )

. The :E‘requency reeponee_ of the autopilot is o'btained by meaeuring -
ot computing the response of the control surface to & etead,y oecillation '
of the airplene. The response may be calculated if the dynamic
constents. of: the autopilot are kmown, but it is nsually easier to .
measure the response by osclllating the autopllot in the laboratory.

These calculations or measurements give the responss %o -

- .

€ = 8in ot
and this re'epon_e_"e is expressed by

5 = ;cpl sin (ot + ep')

o Lt

'where KP:L '1s the amplitude of 5 for unlt control gea.ring and. ép
1e the phase, emgle of lead of- 6 e.hee.d. of & when the e.irpla.ne ie
forcing the control eurface to oscillate.

- — o=

If at eqme value of the a.ngular frequency W the condition )

A %

s .- - __ _EP = er

R

exists, ther; the airplane cormected to the a.utopilot will oscillate
continuously et this frequency at ccneta.nt a.mplitude 3 proviaed the
control gearing is msde equal to K7,KP "at this value of wj
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that is, the critical control gearing is given by

k !:EI
cr K
Py

at o vhere €y = €. Thise cendition of neutral stability is shown
schematicelly In figure 1. An expmpls of a solution for.K kcr is

shown in figure 2. In this case w,, = 6.2 end k. = Er— at this
Py

value of aj therefore k,, Q*g% = 0.36.

In almost a2ll cases control gearings greater then k... result
in instability and control gearings less than k., provide stabllity.
Thus, k.. dis usually an upper limilt to the permissible control

gearing. More generally,; the stable side of the boundary is determined
by the relative slopes of the €y and €, curves at thelr

intersection. If SEE is greatexr than EEE the syestem is stable
dus

below k o and vice versa. A proof. of this rule 1s given in
appendlx B.

In the preparation of figure 2 and the examples that follow
(figs. 3 to 8) a particular airplane configuration was assumed for
the computation of KX, end €., (See avpendix A for methods.)

This hypothetical pilotless airplang hes four fins 90° apart, a
horizontal pair for pull-ups end a veértical pair for turms. The

fins constitute the only 1lifting surfaces of the alrplene and eare
equipped with ailerops connected to a roll gyro and servo that maintain
the airplene in a position in which one pailyr of fins is always
horizontal. The pitch and yaw control surfaces are trailing-edge fleps
on the fins and are comnected in pairs, one pair on the horizontal

fins connected to a pitch gyro and servo and the other pair ocn the
vertical fins connectsd to & yaw gyro and servo., It 1s assumed that
the pitch end yaw motione do not interact with each other or with

any accidental rolling motion that may exist, Figurss 2 to 6 show

the elevator-pitch stability. Rudder-yaw stability may be expected

to be very nearly the same as elevator pitch stebility because of

the configuration of the fins.
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Linesr Autopilot

The motion of ‘& control surface actuated by & simple linear
autopilot is similar to that of a mass-spring dashpot and may be
repressnted by ths oquabtion

niPs + oD8 + k5 = k0 @

vhere each of the factors m, ¢, 'and Ik 1s the sum of two perts,

one pert due to the servo and one part due to the control surface_ .
For exampls, kl is the sum of t.he gpring constent of the servo a.nd

the aerodynamic hinge-mcment constent of the control surface. The
term kp8 represents a force proportional to the d.eviation in angle
of pitch € applied without lag. '

Bquetion (1) may be expressed as

_SQ +.%D+%D2>‘%e . .(2')

1

where k[l " is the control gearing k. The patural freguency of
the mervo is given by L . _ o T

end the dsmping deponds on the guantity I = -k‘l—. With these
' L
substitutions, equation (2) becomes

51 + 'ZD+-2§)_=]:9
_ "

The texm 1D représents-.viscoué demping end the ternm 1)2/<nn2
represents lnertla reaction.

When the autopllot is oscillated in piltch, the control
response 3 lags hehind 8. The lag usually decreeses as the lag
factor 1 decreases end as the natural frequency «p increases.
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It is convenient to choose ay, equal to 2/1, a value that gives
criticael damping. With thie choice, the phase angle €p and the

relative amplitude for wnit—control gearing Kpl of the response

are presented in figure 3 for four values of 1. Values of K,
and ¢, for the assumed airplane are also given so that kcr
can be obtained for each valus of 1.

If first-derivative le&d is added to the system, the equation
of motlon relating & &and & - becomes

2 .
a/€+w+-l?-§ = k(1 + rD)e
R

Figure 4 shows K and ¢, fTor the same values of 1 eand ay,
Dq P .

as figure 3, but with r = %—. Camparison shows that-the firste

derivative lead produces an angle of lead that approaches 90° at
high values of the asngular frequency . This amount of lead is
enough to override the lag for moderate values of 1 at low
frequencies but not at high frequencies.

Values of k., obtained from figures 3 and % are shown in

figure 5 plotted against the viscous lag factor 1. Considerable
increase in the steble range of control gearing is evident for
smell values of 1 with the first-derivative lesad. Note how this
improvement in stability diminishes at large values of 1.

If both first~ and seoond-derivative lead are added, the
response of the control iz given by the equation

5___kJ__+rD+aD29

1+ 1D+ -D-g
“n
It cen be shown that if |
r>1
and )
a5 T (5)
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lead wlll exist-at all frequencies. - In this situation "“the’ airﬁlane £
cannot .oscillats regardless of the value of 'k or; stated =7 :
differently, the critical .control gearing-is infinite.' Figure 6
shows the resultant lag or lead for a critically damped sérvo for
which p = 20 radlens per second and for verious values of r and a.

The top curve is for velues of r and a that satisfy expression (3)
and, therefore, result in lead over the entire fregusncy rangs.

Nonlinear Autopilot

Even if the servo is consitructed to give a response proportional
to e steady disturbance, 1is response to an osclllating disturbance
is not proportional in practice to the amplitude of the disturbance
becauss of the nonlinear dyneswmic characteristics of the servo. The.
lag is then a function of both emplitude and frequency. By finding
experimentally the frequency response of the autopilot for a number
of amplitudss and for a glven control gearing, it is possilble to
determine the amplitude and fregquency at which the alrplane will
osclllate when coupled to the aubopilot at that pariticuwlar velus of
control geering. The condition for steady oscillations (hmting)
is that Ki =K, and €p = €, &t some frequency. The frequency

and amplitude of the steady oscillations of the airplane are the

values of o =and 9 ne.x at which Kp Kf and €P = €,

The stability of these constent-amplitude oscillations has a
slightly ‘different significence from that of limear systemsa In
linear systems the oscillations eve, in geperal; either damped or ~
wndemped.regerdless of the amplitude. In-the case of the hunting
that mey exist with a .nonlinear serve the oscillations -are sald to
be steble if, after a disturbance from their steady value, they . tend
to return to that steady velue. The criterion for the stability
of the staady oscillations follows- fyrom that for the linear autopilot
and is a s o o . -

—e- - dere

- . -~ - - - . . P

e . — .l..d_a o R I LI
SR d<€r eD)...--LK%<o S RN

dan

max . o o .{ i =

" The Bolution obtqined is.not exact because the autopilot response
to sinusoidal airplane motion is not a purs-sine wave but is distorted,
however, the .existence and apnrowimate .amplitude end frequency of o )
hunting oscillations of the fundemental can be dstermined by the frequency-
response- pethod,. The valués of K and ep ‘used vhen the response ' -
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is not sinusoidal ave the values of .the sgquivalent sinusoidal response
which supplies the same energy per cycle &nd the seme impulse per half
cycle as the observed response. This condition leads to the fellowing
expressions for ep and Kp:

- Va2 + -y

. 9 . .

€. = tan"1. B
. A

where

T/2

A=‘°/’ 5 dt
Jo
N
.B=lf & 4o
1T
0

The value of & in these integrels 1s the measured control-surface
deflection in response to an oscllleting motion of the airplane
represented by € = Oy gin ot. Ordinerlly the osclllation in plteh

is performed in the laboratory by mounting the autopilot on e table
that can be made to @scillete.

o4

A typical application of -the method for determining amplitude
end frequency of hunting of an alrcraft and autoplliot with stops in
the control system is shown in figures 7 and 8: The airplane used
in this example 18 8lightly different from thet considered previously
and, therefore, the K, and €, ocurves are slightly different fram

those in figures 2 to 6. Figure 7 containe the phase and amplitude

of the experimental response of the autopilot plotted against frequency

for a series of amplitudes of the Input and also the corresponding
calculated curves for the aircraft. For each amplitude the values
of KP and K, are obtained at the frequency whers €p = €pe The

ratio Kp/Kr and the value of w, (where €p = er) are plotted

|
[ L
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ageinst emplitude of pitch Opax in figure 8. The emplituﬁ.e and _
frequency of hunting occur whers EI-E =1, In this example the

emplitude of the hunting is about 2.5° and the frequency is 18 .7 radians
per second. I : Ce e
Nonlinearity in the awtopllot usually causes an increase of -1ag
with amplitude. This increase may result in a reversal of the favor-
able effect of first-derivative lead as the lsad factor r is-
indefinitely increased and suggests an optimm velue for. », a T
concluslon that 1s supported by flight experience. This result may -
be traced to the counteracting effects of lead and amplitude intro-
duced by the first~derivative lead. The first-derivative lead shifts
the vhase of the signeal fed .into the servo so that the signal leads 6

by an amount tan"! ro and increasss the amplitude of the signal by
2 2 '

the factor V1 + r'w". The change of lead with r may be stated
symbolically ag follows: If the dependence of €p on g. and 0

without first-derivative lead. is expressed by

é = f(e,cn).

then the addition of first-derivative lead changee the lead to

- (o) ¥t G @)

N

Di:f‘fe:qentie,ting eque.tion (ll-) with respect to r gives

de de_. -
-—-Er-E-E ' (e\/l+r2m2]l+ w

L
dx - ar 1+ re®

where

= B — = + ——= (3)

If r is very small, t.he first term on the right-hand side of equation (5)
is negligible, so that -—B is positive. The addition, therefore s of
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a small amount of first-derivative lead results In & change in €p

in the directlon of mors lead. A similar anelysls of the effect
&K o
of r on Ki shows that 3;2 =0 when 1 = O. For small values

of r, thereforc, the effect of adding first-derivative lead is the
same a8 for the linear sorvo: an improvement in dynamic stability
and e reductlon in the emplitude of hunting is to be expected. For
large values of 1, howsver, the lag due to increase Iin amplitude
(first term) tends to counteract the direct lead (second term) end
may cause more violent hunting. Some optimum velue of r mney
therefore exlst. A direct determination of-iis value may be made
from the autopilot for various velues of r, &, and wo.

Avplication of Method to Controls Geared
to Motion about Two Axes

Sometimes the aileron or rudder 1s gearod to both the angle of
‘pank and the angle of yaw. Usually this gearing is accomplished by
t1lting the gyro in such & wey that the rotatlon of the gyro is
affected by bank and yaw according to the formula

o =@ ocos T+ YyeinT

In order to apply the frequency-~response msthod in this case 1t is
necessary only to calculate the respones 1n bank and yaw of the
alrplane to & sinusoldal control motion end to combine them according
to the preceding formula to obtain ¢. This formula ylolds the K,

and €, curves. The other pair of curves required - the Xb and eﬁ

curves - are obtained in exactly"the sane way. ag before, namely, by
osclllating the gyro about its sensitive axis. The critical control
gearing so determined will be the criticel ratio between & and Q.

_CONCLUDING REMARKS

The frequency-resvonge method of anslysls is a useful graphicel
meang of determining osclllation characteristice of an alrplane
equipped with an automatic pilot. If the mervo 1g linear (1desl case),
the critical control gearing bsyond which increesing oscillations
take place can be readily determined. If the servo has nonlinear
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cheracteristics (practicsl case), the existence, amplitude, =snd

frequency of steady hunting oscillatioms can be determined &pproxi~- _

nmately from the measured frequency response of the servo and the
computed frequency response of the alrplane.

In general, the use of first-derivative lead (a phase-shifting
device) has a favorable effect on the dynamic stebllity. Large
amounts. of first-derivative lead oxr phase shift may be destabilizing

due to the increase in the gignal amplitude preoduced by this- phase- .

shifting device.

Langley Memorial Aeronasutical Leboratory
Nabtlonal Advisory Coomittee for Aesronautics
langley Field, Va., December 9, 1946
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APPENDIX A
CATCULATICN OF RESPONSE OF AN ATRPLANE TO SINUSOIDAL CONTROL, MOTICN

The response of the airpla.ﬁe in pitch to sinusoidal slevator
motion will be used as an example. The equations of motion, for a
given control deflection, ars— ‘

Y

(xu+TD>u+xdcn+x96=O

\
z,u + (za + TD)d. + (ze TD)S = 265 (A1)

—

C.u+/C. +C Da+/cC 9-192132>9=-c 8
mu (moc mDa.) (mDG e 75

(v
where

=1}

%, = Cp = =
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c
V-4 = -EQ
(& 2
LT
5 =
me
oc
C. =V .2
my v
C = EE}E
m, .
» ° . .

trim angle of climb, deg

thrust; 1b

mass of airplane, 1lb

and

To

T N

Iy . pitchiz}g momentl of ?Lnertia, slug--f*t.2 ] ..
m

c wing chord, £t

8

wing area, sq ft

u = AV/V

v velocity, ft/sec

AV charige in velocity, ft/sec
o, o airt coef‘ficient .
o angle of ;tmck, deg

Cn pitching=moment ;::oefficient
Ch " drag coefficient

o air density, slugs/cu £t
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Soiving equations (Al) for g. by the method of determinants
glves

X + 1D X 0
zu zy t+ TD -z8
c . +C D -G
N By Yo TDa T3
8 X, + TD x“ Xy
2 Zq ¥ TD zg = TD
c € +C D O D-ISy 252
mu md' Iy mDe vy

Expanding these determinants by the usual methods glves an expression
for .g. conslsting of the ratlo of two polynomials im D, which may

be written as

+ a;0f + BD + ¢y

QD

a,D* + b3 + opDP + apD + 6
The phase and amplitude of the response of @ +to the motion B = sin wt
is obtained by substituting 1w for D in the above expression for g
This substitution glves a complex nmumber, say, A + iB. The angle
of lead of 6 s&head of 5 1s ten"* % end the emplitude of ©

1s \/A° + B°; that 1s
- -tap-l
€y tan ﬁ-
R = /A2 + B2
end

@ =R s8in (wt - €r>

5 -3
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APPENDIX B

DETERMINATICN OF STABLE SIDE OF STABTLITY BOUNDARY

OBTAINED BY FREQUENCY-RESPCNSE METEOD

It is shown In the body of this report that a critical value
of the control geering exis’cs if at some frequency w the values

of €, and €y 8&re equal and that the value of the critical

control gsaring is equal to KT/Kpl.a’o that frequency. It will now

be shown that the steble side of the stability boundary nmay be
determined by the relative slopes of the €, and ep curves at the
point where €p = €p . T

As shown in reference 2, the response of en airplanca to any
disturbance may be computed fran the response function. The
response to a sinusoidal disturbance is obtained by substituting o
for the variable D in the respomse fumction. The response fumctions
for the airplane end autopilot may be combined to form the stability
equation of the airplane plus autopilot as follows:

"Let 6 = £7(D)5 be the airplene response function and
= k £-(D)6 be the autopilot response function where k is the

control gearing. Combining the two gives . ’ : S

5 = k £5(D) £1(D)8

1 -k (D) £,(D) =0

By substituting f£(D) = £;(D} £2(D) this equation may be written as

1-k2(D) =0 . (B1)

‘This is the "stabllity equation,” the roots of which for the varisble D

determine the damping and freguency of the motion. The freguency
responses areg obtained from the response functions by use of the
:t‘ollowing.-

_ie -1€
kg ('—'ﬂ)) = Re T -l.e
1 Kr

ieg
25 (1) = Kple
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Then a dynamic~-stability boundary existes if 1 - k f(iw) = 0
for some value of ®, B&y Og,.. It follows from the definition

of fl and fp that this dynamic-stabillty boundary occurs when

Er“€p=0
and
K.
X
1

at some valus of w = “’cr'- Under these conditions, equation (Bl) has
& pair of rocts D =t iw,, when k has the value given.

In order to find the gtable side of the boundary, it 1s necessary
to find the sign of the real part of g.g. at the boundary. From

equation {B1)
Q... £0).

This equation must be evaluvated when D = im,,.. At this velue of w,
Fiwey) = Tk%_ + In general,

(1) =<K—-§i'-)ei<€p - er)

£'(D) = SE{i0) oy ar(ie)
d (1) o

Then

1

g

therefore
. ﬂ(kp
af ()] w1 dGP ) er) ' K.
a(im) K. am -1
0.)=0.)cr

daw>_

_ (Dﬁbcr _ =(Dcr
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end

8- l
A A B LK%\-‘]
1 d(ep ) er) " a :-__ZT/)
cr kCI‘ &b &

- W=y an O=Wa 1

2]
o
A
N7

s\

L e m e

is negative, the real part of %-% is positive.

O=Weayp

As Xk 1incroases above the critical value, therefore, the roots of
the stebility equation indicate instebility; that 1s, if

e, - e.)

P <0

W=V

then the stable region is located where k< k,, and vice versa.
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